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I. INTRODUCTION
Physical evidence suggests that the classical notion of space–time as a continuum
is no longer valid at the Planck scale lp (lp =
√
G~/c3 ≈ 1.62× 10−35cm). Einstein’s
theory of gravity coupled with Heisenberg’s uncertainty principle implies that space–
time coordinates xˆµ should satisfy uncertainty relations ∆xˆµ∆xˆν ≥ l
2
p (see Refs. 1
and 2). One possible approach towards description of space–time at the Planck scale
is in the framework of noncommutave (NC) geometry based on introducing noncom-
mutativity between space–time coordinates. Algebraic relations satisfied by xˆµ lead
to various models of NC spaces such as the canonical theta–deformed space and Lie
algebra type spaces. Realizations of Lie algebras play an important role in formulation
of physical theories on such spaces and in the study of their deformed symmetries.
In particular, the κ–Minkowski space and κ-Poincare´ quantum group were studied
extensively in Refs. 3–6 where the parameter κ is usually interpreted as the Planck
mass or quantum gravity scale. The κ–Poincare´ quantum group represents an exam-
ple of deformed relativistic space–time symmetries which lead to deformed dispersion
relations. Some related applications can be found in Refs. 7–10. Realizations of
NC spaces are based on representing the coordinates xˆµ by a formal power series
in the Heisenberg–Weyl algebra An semicompleted with respect to the degree of a
differential operator. Realizations of a large class of Lie algebra type NC spaces, the
associated star–products and their physical applications can be found in Refs. 11–24.
Specifically, the Weyl symmetric realization which induces the symmetric ordering on
the associated universal enveloping algebra was constructed in Refs. 11, 25, and 26.
For certain Lie algebras, such as the orthogonal algebra so(n) and Lorentz algebra
so(1, n− 1), the Weyl symmetric realization is not well adapted due to the structure
of their commutation relations. In the present paper, this is the motivation for intro-
ducing the generalized Heisenberg algebra Hn and constructing an analogue of the
Weyl realization of so(n) and so(1, n− 1) by formal power series in a semicompletion
of Hn (for simplicity called the Weyl realization in Hn). Using a construction of the
quantum Poincare´ group related to κ–Poincare´ algebra as described in Ref. 27 and
duality betweeen them28–33, we obtain an extension of the orthogonal and Lorentz
algebras with quantum angles in the limit κ → ∞. Given the Weyl realizations of
so(n) and so(1, n − 1) in Hn, we also find realizations of their extensions. Further-
more, we also show that one can find a similar realization of the Poincare´ algebra
and its extension by quantum angles in a suitable extension of the algebra Hn. Using
this method, one can also obtain the Weyl realization of the κ–deformed Poincare´
algebra28–31,33.
The plan of the paper is as follows. In Section 2 we recall some important facts
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about the Weyl symmetric realization of a Lie algebra which is needed in further
discussion. We then introduce the generalized Heisenberg algebra Hn and construct
the Weyl realization of so(n) by formal power series inHn. The obtained realization is
given in terms of the generating function for the Bernoulli numbers. Furthermore, we
show that by introducing the metric tensor of the Minkowski space in the definition
of Hn, one can obtain the Weyl realization of the Lorentz algebra so(1, n − 1). In
Section 3 we extend the orthogonal and Lorentz algebras by quantum angles and find
the realizations of the extended algebras in Hn. We close the section with a brief
discussion about realizations of the Poincare´ algebra and its extension by quantum
angles using formal power series in a certain extension of the generalized Heisenberg
algebra Hn.
II. THE WEYL REALIZATION OF A LIE ALGEBRA
We recall some important facts about the Weyl realization of finite dimensional
Lie algebras which is needed in further discussion. Let g be a finite dimensional
Lie algebra over the field K, (K = R or K = C) with ordered basis X1, X2, . . . , Xn
satisfying the commutation relations
[Xµ, Xν ] =
n∑
α=1
CµναXα. (1)
The structure constants satisfy Cµνα = −Cνµα and the Jacobi identity
n∑
ρ=1
(
CµαρCρβν + CαβρCρµν + Cβµρ Cραν
)
= 0. (2)
An important example of a Lie algebra type NC space is the κ–deformed Euclidean
space defined by the commutation relations
[Xµ, Xν ] = i(aµXν − aνXµ), 1 ≤ µ, ν ≤ n. (3)
Here, aµ = vµ/κ where κ ∈ R is a deformation parameter and v ∈ R
n is a unit vector.
The algebra (3) was introduced in Refs. 3 and 4 and has applications in doubly special
relativity theories5,6, quantum gravity7 and quantum field theory8,9. If g is any Lie
algebra defined by Eq. (1), then by rescaling the structure constants by a parameter
h ∈ R, Cµνλ 7→ hCµνλ, one can think of g as being a deformation of the underlying
commutative space since XµXν = XνXµ as h → 0. Thus, it is of interest to study
realizations of Xµ as deformations of commutative coordinates xµ. Such realizations
are naturally constructed as embeddings of g into a semicompletion of the Heisenberg–
Weyl algebra An with respect to the degree of a differential operator
11. Recall that
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An is a unital, associative algebra generated by xµ, ∂µ, 1 ≤ µ ≤ n, satisfying the
commutation relations
[xµ, xν ] = [∂µ, ∂ν ] = 0, [∂µ, xν ] = δµν . (4)
The realizations considered here are given by
Xˆµ =
n∑
α=1
xαϕαµ(∂) (5)
where ϕαµ(∂) is a formal power series in ∂1, ∂2, . . . , ∂n depending on the deformation
parameter h such that limh→0 ϕαµ(∂) = δαµ. This implies that in the classical limit
we have limh→0 Xˆµ = xµ. The analytic functions ϕαµ(∂) satisfy a system of coupled
partial differential equations determined by the commutation relations in g. Such
systems are usually under–determined and have an infinite family of solutions pa-
rameterized by arbitrary analytic functions. A number of realizations of different NC
spaces, such as the κ–deformed space, generalized κ–deformed space and su(2)–type
NC space, have been found in Refs. 12–16.
To each realization (5) one can associate an ordering on the enveloping algebra U(g)
by using an action of the algebra An on the space of polynomials V = K[x1, x2, . . . , xn]
(see Ref. 25). The action ⊲ : An ⊗ V → V is defined by
xµ ⊲ f = xµf, ∂µ ⊲ f =
∂f
∂xµ
(6)
and (ab) ⊲ f = a ⊲ (b ⊲ f) for all a, b ∈ An. Of particular interest is the Weyl
symmetric realization associated with the Weyl symmetric ordering on U(g). This
realization is characterized by the property that
( n∑
µ=1
kµXˆµ
)m
⊲ 1 =
( n∑
µ=1
kµxµ
)m
, kµ ∈ K, m ≥ 1, (7)
or, equivalently, ek·Xˆ ⊲ 1 = ek·x for all k ∈ Kn. It has been shown in Refs. 11 and
25 that the Weyl symmetric realization satisfying property (7) can be constructed as
follows. Let C = [Cµν ] be the matrix of differential operators
Cµν =
n∑
α=1
Cµαν∂α (8)
and let ψ(t) denote the generating function of the Bernoulli numbers Bk,
ψ(t) =
t
1− e−t
=
∞∑
k=0
(−1)k
k!
Bkt
k. (9)
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Then the symmetric realization of Xµ is given by
Xˆµ =
n∑
α=1
xα ψ(C)µα =
n∑
α=1
xα
(
C
1− e−C
)
µα
. (10)
For odd indices the Bernoulli numbers are B1 = −
1
2
and B2k+1 = 0 for k ≥ 1, hence
ψ(t) has only even powers of t except for the lowest order term 1
2
t.
For certain Lie algebras the symmetric realization (10) can be expressed in closed
form. For example, for the κ–deformed space (3) it is given by13
Xˆµ = xµ
A
eA − 1
+ iaµ(x · ∂)
eA − A− 1
(eA − 1)A
(11)
where A = i
∑n
k=1 ak∂k and x · ∂ =
∑n
k=1 xk∂k.
A. Realization of the orthogonal algebra so(n)
In the following we consider realization of the orthogonal algebra so(n) with stan-
dard basis {Mµν | 1 ≤ µ < ν ≤ n} satisfying the commutation relations
[Mµν ,Mλρ] = δνλMµρ − δµλMνρ − δνρMµλ + δµρMνλ (12)
where Mµν = −Mνµ. For future reference let N =
n(n−1)
2
denote the dimension of
so(n). Unfortunately, the Weyl symmetric realization (10) cannot be applied directly
to rotation generators Mµν since this requires an ordering on the set {Mµν | 1 ≤
µ < ν ≤ n} in order to establish a correspondence between Mµν and the generators
of the Heisenberg–Weyl algebra AN . We show that it is more natural to consider a
realization ofMµν using formal power series in the generalized Heisenberg algebra Hn
defined as follows. The algebra Hn is a unital, associative algebra generated by xµν ,
∂µν , 1 ≤ µ, ν ≤ n, satisfying xµν = −xνµ, ∂µν = −∂νµ and commutation relations
[xµν , xαβ ] = 0, [∂µν , ∂αβ] = 0 and [∂µν , xαβ ] = δµαδνβ − δµβδνα. (13)
The idea is to apply the symmetric realization (10) to an isomorphic image of so(n)
and then use the inverse map in order to obtain the realization of Mµν in the algebra
Hn. At this point it is useful to introduce the following convention. The greek indices
α, β, γ, . . . run through the set {1, 2, . . . , n} and the latin indices a, b, c . . . run through
the set {1, 2, . . . , N}. The commutation relations for so(n) can be written as
[Mµν ,Mλρ] =
n∑
α,β=1
C(µν)(λρ)(αβ) Mαβ (14)
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where the structure constants are given by
C(µν)(λρ)(αβ) =
1
2
(δµαδρβ − δµβδρα)δνλ −
1
2
(δναδρβ − δνβδρα)δµλ
+
1
2
(δλαδµβ − δλβδµα)δνρ −
1
2
(δλαδνβ − δλβδνα)δµρ. (15)
Let us define
Ma =
1
2
n∑
µ,ν=1
Γµνa Mµν , a = 1, 2, . . . , N, (16)
where the coefficients Γµνa satisfy Γ
µν
a = −Γ
νµ
a . The inverse transformation is given by
Mµν =
N∑
a=1
ΓaµνMa (17)
where Γaµν = −Γ
a
νµ. In view of Eqs. (16) and (17) the transformation coefficients are
coupled by nonlinear relations
1
2
n∑
µ,ν=1
Γaµν Γ
µν
b = δab and
N∑
a=1
Γaµν Γ
αβ
a = δµαδνβ − δµβδνα. (18)
We note that there is a certain amount of symmetry involved in the coefficients Γµνa
and Γaµν which is important for later discussion. If we multiply the first relation in
Eq. (18) by Γαβb and then use the second relation, we find Γ
a
αβ = Γ
αβ
a . Thus, we also
have
1
2
n∑
µ,ν=1
ΓaµνΓ
b
µν =
1
2
n∑
µ,ν=1
Γµνa Γ
µν
b = δab (19)
and similarly
N∑
a=1
ΓaµνΓ
a
αβ =
N∑
a=1
Γµνa Γ
αβ
a = δµαδνβ − δµβδνα. (20)
We demand that the linear transformation (16) defines a Lie algebra isomorphism.
Hence, we require that Ma generate a Lie algebra defined by commutation relations
[Ma,Mb] =
N∑
c=1
CabcMc (21)
with structure constants
Cabc =
1
4
n∑
µ,ν=1
n∑
λ,ρ=1
n∑
α,β=1
Γµνa Γ
λρ
b Γ
c
αβ C(µν)(λρ)(αβ) (22)
=
1
2
n∑
α,β,λ=1
(
Γαλa Γ
λβ
b − Γ
αλ
b Γ
λβ
a
)
Γcαβ. (23)
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It is easy to see that for the orthogonal algebra so(3) we have Γµνa = εaµν and Cabc =
εabc where εabc is the Levi–Civita symbol. Let us define a transformation (xµν , ∂µν)→
(xa, ∂a) by
xa =
1
2
n∑
µ,ν=1
Γµνa xµν , ∂a =
1
2
n∑
µ,ν=1
Γµνa ∂µν , 1 ≤ a ≤ N. (24)
Then the inverse transformation is given by
xµν =
N∑
a=1
Γaµνxa, ∂µν =
N∑
a=1
Γaµν∂a, 1 ≤ µ, ν ≤ n. (25)
The identities satisfied by the coefficients Γµνa and Γ
a
µν imply that xa and ∂a close the
Heisenberg–Weyl algebra AN ,
[xa, xb] = 0, [∂a, ∂b] = 0, [∂a, xb] = δab. (26)
Indeed, the first two relations in (26) follow trivially while the third relation is a direct
consequence of Eq. (19). Therefore, we can use Eq. (10) to write the symmetric
realization of Ma,
Mˆa =
N∑
b=1
xb ψ(C)ab (27)
where Cab =
∑N
c=1Cacb∂c and Cabc are the structure constants given by Eq. (23).
Since Cacb depend on the coefficients Γ
µν
a which in turn define the isomorphism of
so(n), so does the realization (27). Our goal is to transform the realization (27) into
a realization of the standard rotation generatorsMµν using the generalized Heisenberg
algebra Hn. This realization will be independent of the transformation coefficients
Γµνa .
Let us express the matrix elements Cab in terms of the generators ∂µν . It follows
from Eqs. (22) and (24) that
Cab =
1
4
n∑
θ,σ=1
n∑
µ,ν=1
n∑
λ,ρ=1
n∑
α,β=1
Γµνa Γ
b
αβ C(µν)(λρ)(αβ)
1
2
( N∑
c=1
Γλρc Γ
θσ
c
)
∂θσ. (28)
Since Γµνa satisfy condition (19), the above expression can be simplified as
Cab =
1
4
n∑
θ,σ=1
n∑
µ,ν=1
n∑
α,β=1
Γµνa Γ
b
αβ C(µν)(θσ)(αβ) ∂θσ. (29)
If we denote
K(µν)(αβ) =
1
2
n∑
θ,σ=1
C(µν)(θσ)(αβ) ∂θσ (30)
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in analogy with differential operators Cµν defined by Eq. (8), then
Cab =
1
2
n∑
µ,ν=1
n∑
α,β=1
Γµνa Γ
b
αβK(µν)(αβ). (31)
Since the structure constants C(µν)(λρ)(αβ) are given explicitly by Eq. (15), the ele-
ments K(µν)(αβ) ∈ Hn are given by
K(µν)(αβ) =
1
2
(δµα ∂νβ − δµβ ∂να + δνβ ∂µα − δνα ∂µβ). (32)
We can organize them into an n2 × n2 matrix K = [K(µν)(αβ)] for a fixed ordering of
the pairs (µ, ν) and (α, β), respectively. The powers of K are given recursively by
(Km)(µν)(αβ) =
n∑
θ,σ=1
K(µν)(θσ) (K
m−1)(θσ)(αβ) =
n∑
θ,σ=1
(Km−1)(µν)(θσ)K(θσ)(αβ) m ≥ 1,
(33)
where by definition
(K0)(µν)(αβ) =
1
2
(δµα δνβ − δµβ δνα). (34)
We note that the powers of K are skew–symmetric with respect to transposition of
indices, i.e. (Km)(µν)(αβ) = −(K
m)(νµ)(αβ) and (K
m)(µν)(αβ) = −(K
m)(µν)(βα). This
follows immediately from the definition ofK(µν)(αβ) and Eq. (33). The matrixK plays
a completely analogous role to that of the matrix C in the realization of the rotation
generatorsMµν . In constructing this realization we need the following transformation
between the matrices ψ(C) and ψ(K).
Proposition II.1
ψ(C)ab =
1
2
n∑
µ,ν=1
n∑
α,β=1
Γµνa Γ
b
αβ ψ(K)(µν)(αβ) (35)
where ψ(t) is the generating function for the Bernoulli numbers (9).
Proof. First we prove by induction that
(Cm)ab =
1
2
n∑
µ,ν=1
n∑
α,β=1
Γµνa Γ
b
αβ (K
m)(µν)(αβ), m ≥ 0. (36)
Since (K0)(µν)(αβ) =
1
2
(δµα δνβ − δµβ δαβ), a short computation using the first identity
in Eq. (18) shows that the claim holds for m = 0. Now suppose that Eq. (36) is true
for some m > 0. Then using Eq. (31) we have
(Cm+1)ab =
N∑
c=1
Cac(C
m)cb
=
N∑
c=1
(1
2
n∑
µ,ν=1
n∑
ρ,σ=1
Γµνa Γ
c
ρσK(µν)(ρσ)
)(1
2
n∑
θ,τ=1
n∑
α,β=1
Γθτc Γ
b
αβ (K
m)(θτ)(αβ)
)
.
(37)
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We note that the second identity in Eq. (18) yields
n∑
ρ,σ=1
n∑
θ,τ=1
( N∑
c=1
Γcρσ Γ
θτ
c
)
K(µν)(ρσ)(K
m)(θτ)(αβ)
=
n∑
ρ,σ=1
n∑
θ,τ=1
(
δθρ δτσ − δθσ δτρ
)
K(µν)(ρσ)(K
m)(θτ)(αβ)
=
n∑
ρ,σ=1
[
K(µν)(ρσ)(K
m)(ρσ)(αβ) −K(µν)(ρσ)(K
m)(σρ)(αβ)
]
= 2
n∑
ρ,σ=1
K(µν)(ρσ)(K
m)(ρσ)(αβ) = 2(K
m+1)(µν)(αβ) (38)
where we have taken into account that (Km)(µν)(αβ) = −(K
m)(νµ)(αβ) for m ≥ 1. Now,
substituting Eq. (38) into Eq. (37) we find that
(Cm+1)ab =
1
2
n∑
µ,ν=1
n∑
α,β=1
Γµνa Γ
b
αβ (K
m+1)(µν)(αβ) (39)
which proves the claim. Inserting Eq. (36) into the generating function for the
Bernoulli numbers (9) we obtain
ψ(C)ab =
∞∑
k=0
(−1)k
k!
Bk (C
k)ab =
1
2
n∑
µ,ν=1
n∑
α,β=1
Γµνa Γ
b
αβ ψ(K)(µν)(αβ). (40)

Now we can prove the key result about the Weyl realization of the rotation algebra
so(n).
Theorem II.1 Realization of the rotation generators Mµν by formal power series in
the generalized Heisenberg algebra Hn is given by
Mˆµν =
n∑
α,β=1
xαβ ψ(K)(µν)(αβ). (41)
Proof. Recall that the Weyl symmetric realization of the generators Ma is given by
Eq. (27). Hence, it follows from transformation (17) that a realization of Mµν in the
Heisenberg–Weyl algebra AN is given by
Mˆµν =
N∑
a=1
N∑
b=1
Γaµν xb ψ(C)ab. (42)
Since xb is defined by Eq. (24) and ψ(C)ab is given by Proposition II.1, the realization
of Mµν in the generalized Heisenberg algebra Hn can be written as
Mˆµν =
1
4
n∑
α,β=1
xαβ
n∑
ρ,σ=1
n∑
τ,θ=1
( N∑
a=1
ΓaµνΓ
ρσ
a
)( N∑
b=1
ΓbτθΓ
αβ
b
)
ψ(K)(ρσ)(τθ). (43)
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One can simplify the above expression by using the second identity in Eq. (18) which
leads to
Mˆµν =
1
4
n∑
α,β=1
xαβ
(
ψ(K)(µν)(αβ) − ψ(K)(νµ)(αβ) − ψ(K)(µν)(βα) + ψ(K)(νµ)(βα)
)
. (44)
In view of the skew–symmetric property ψ(K)(µν)(αβ) = −ψ(K)(νµ)(αβ) and xαβ =
−xβα, the last expression becomes
Mˆµν =
n∑
α,β=1
xαβ ψ(K)(µν)(αβ). (45)

We note that realization (41) is formally similar to realization (27), but it uses a
different algebra to describe the rotation generators of so(n). We close this section by
stating that the powers of K appearing in the formal power series of the generating
function
ψ(K)(µν)(αβ) =
∞∑
m=0
(−1)m
m!
Bm (K
m)(µν)(αβ) (46)
are polynomials in ∂µν explicitly given by
(Km)(µν)(αβ) =
1
2
m∑
k=0
(
m
k
)(
∂kµα∂
m−k
νβ − ∂
m−k
µβ ∂
k
να
)
, m ≥ 0 (47)
(for proof see Proposition IV.1 in the Appendix).
B. Realization of the Lorentz algebra so(1, n− 1)
In physical applications one is frequently interested in the Lorentz algebra so(1, n−
1) defined by
[Mµν ,Mλρ] = ηνλMµρ − ηµλMνρ − ηνρMµλ + ηµρMνλ (48)
where η = diag(−1, 1, . . . , 1) is the Minkowski metric. To keep the notation consistent
with previous sections, we let the greek indices run through the values 1, 2, . . . , n
instead of the more common values 0, 1, . . . , n− 1. The same applies to the Poincare´
algebra in Section 3. Our discussion presented in the previous subsection can be
easily adapted to give the corresponding realization of the algebra (48). In this case
we must make the following modifications. The generalized Heisenberg algebra, here
denoted H˜n, is defined by commutation relations
[xµν , xαβ ] = 0, [∂µν , ∂αβ ] = 0 and [∂µν , xαβ ] = ηµα ηνβ − ηµβ ηνα. (49)
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The elements of the matrix K = [K(µν)(αβ)] are defined by
K(µν)(αβ) =
1
2
(ηµα ∂νβ − ηµβ ∂να + ηνβ ∂µα − ηνα ∂µβ) (50)
and the powers of K are given recursively by
(Km)(µν)(αβ) =
n∑
λ,ρ=1
n∑
λ′,ρ′=1
K(µν)(λρ) ηλλ′ ηρρ′ (K
m−1)(λ′ρ′)(αβ) (51)
=
n∑
λ,ρ=1
n∑
λ′,ρ′=1
(Km−1)(µν)(λρ) ηλλ′ ηρρ′ K(λ′ρ′)(αβ) (52)
where
(K0)(µν)(αβ) =
1
2
(ηµα ηνβ − ηµβ ηνα). (53)
Then the the Lorentz algebra (48) admits the realization
Mˆµν =
n∑
α,β=1
n∑
α′,β′=1
xαβ ηαα′ ηββ′ ψ(K)(µν)(α′β′) (54)
where ψ(t) is the generating function for the Bernoulli numbers (9).
III. REALIZATIONS OF THE ORTHOGONAL AND LORENTZ
ALGEBRAS EXTENDED BY QUANTUM ANGLES
Recently there has been a growth of interest in studying the bialgebroid and Hopf
algebroid structure of deformed quantum phase spaces with noncommutative coordi-
nates (see Refs. 28–33). In Ref. 28 the authors study the generalized quantum phase
space H(10,10) = (ξˆµ, Λˆµν , Pµ,Mµν) where H = (Pµ,Mµν) is the classical Poincare´–
Hopf algebra and Gˆ = (ξˆµ, Λˆµν) is the quantum Poincare´ group dual to H. Here ξˆµ
denote quantum translations and Λˆµν represent quantum rotations dual to the gen-
erators Mµν . The quantum Poincare´ group Gˆ is roughly constructed as follows (for
more details see Ref. 28). One associates to H the primitive Hopf algebra structure
and uses a family of Abelian twists Fu ∈ H ⊗ H to deform the coalgebra sector of
H. The universal R–matrix R = FTu F
−1
u and the Faddeev–Reshetikhin–Takhtajan
procedure34 is used to construct the quantum Poincare´ group Gˆ. Duality between
H and Gˆ is defined by establishing a pairing between H and Gˆ which is then used
to construct an action of H on Gˆ endowing Gˆ with the structure of an H–module.
Using the action of H on Gˆ, the quantum phase space H(10,10) is constructed as the
Heisenberg double algebra H ⋊ Gˆ. If Λˆ denotes the matrix with elements Λˆµν , then
Λˆ satisfies the group property ΛˆT Λˆ = ΛˆΛˆT = I, thus justifying the term “quantum
angles“ for Λˆµν . The commutation relations describing the structure of H ⋊ Gˆ are
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fairly complicated and clearly depend on deformation parameters of the twist element
F .
In this section we are interested in extension of the Lorentz algebra (48) by quan-
tum angles Λµν (written without hat) in the limit κ → ∞ where κ is a deformation
parameter of the twist element F (cf. Eqs. (43) and (51) in Ref. 28). In this case
Mµν and Λµν define a pair of undeformed dual variables in the Lorentz sector which
close the Lie algebra defined by relations (48) and
[Mµν ,Λρσ] = ηρν Λµσ − ηρµΛνσ, (55)
[Λµν ,Λρσ] = 0. (56)
We shall use the techniques developed in Sec. 2 to find a realization of the above
algebra as well as the extended orthogonal algebra.
First, let us consider the extended rotation algebra so(n) defined by commutation
relations (12) and
[Mµν ,Λρσ] = δνρΛµσ − δµρΛνσ, (57)
[Λµν ,Λρσ] = 0. (58)
Given the symmetric realization (41) of the rotation generatorsMµν we seek a realiza-
tion of the quantum angles Λµν by formal power series in the generalized Heisenberg
algebra Hn. We assume that the realization of Λµν depends only on the generators
∂αβ ∈ Hn.
Theorem III.1 The realization of Λµν is given by the exponential function
Λˆµν = (e
∂)µν (59)
where ∂ = [∂αβ ] is the n× n matrix of generators ∂αβ ∈ Hn.
Proof. We seek a realization of Λµν in the form
Λˆµν =
∞∑
m=0
am(∂
m)µν . (60)
Substituting realization (41) into the commutation relation (57) we find that
n∑
α,β=1
[xαβ , Λˆρσ]ψ(K)(µν)(αβ) = δρν Λˆµσ − δρµ Λˆνσ. (61)
The inverse of the matrix ψ(K) is given by the power series
ψ(K)−1(µν)(αβ) =
(
1− e−K
K
)
(µν)(αβ)
=
∞∑
m=1
1
m!
(−K)m−1(µν)(αβ) (62)
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and satisfies the identity
n∑
α,β=1
ψ(K)(µν)(αβ) ψ(K)
−1
(αβ)(λρ) =
1
2
(δµλ δνρ − δµρ δνλ). (63)
Hence, using Eq. (63) we can write Eq. (61) as
[xαβ , Λˆρσ] = 2
n∑
µ=1
ψ(K)−1(αβ)(µρ) Λˆµσ (64)
where we have taken into account the antisymmetric property ψ(K)−1(µν)(αβ) =
−ψ(K)−1(µν)(βα). Substituting the power series for Λˆρσ and ψ(K)
−1
(αβ)(µρ) into Eq. (64)
we find that the coefficients am satisfy
∞∑
m=1
am[xαβ , (∂
m)ρσ] = 2
∞∑
m=0
∞∑
k=1
am
1
k!
n∑
µ=1
(−K)k−1(αβ)(µρ) (∂
m)µσ. (65)
A straightforward but lengthy computation (see Proposition IV.2 in the Appendix)
shows that the commutation [xαβ , (∂
m)ρσ] can be written in terms of the powers of
K as
[xαβ , (∂
m)ρσ] = 2
m∑
k=1
(
m
k
) n∑
µ=1
(−K)k−1(αβ)(µρ) (∂
m−k)µσ. (66)
Combining the above result with Eq. (65) we obtain
∞∑
m=1
m∑
k=1
am
(
m
k
) n∑
µ=1
(−K)k−1(αβ)(µρ) (∂
m−k)µσ =
∞∑
m=0
∞∑
k=1
am
1
k!
n∑
µ=1
(−K)k−1(αβ)(µρ) (∂
m)µσ.
(67)
Rearranging the terms on the left–hand side of Eq. (67) it follows that
∞∑
m=0
∞∑
k=1
am+k
(
m+ k
k
) n∑
µ=1
(−K)k−1(αβ)(µρ) (∂
m)µσ =
∞∑
m=0
∞∑
k=1
am
1
k!
n∑
µ=1
(−K)k−1(αβ)(µρ) (∂
m)µσ
(68)
which implies that the coefficients am satisfy the recurrence relation
am+k
am
=
m!
(m+ k)!
. (69)
For m = 0 we obtain ak = a0/k! and after normalizing the realization by taking
a0 = 1 we find Λˆµν = (e
∂)µν . 
A similar computation can be carried out to find the realization of the extended Lorenz
algebra (55)–(56) by formal power series in the generalized Heisenberg algebra H˜n
defined by (49). In this case the realization of Mµν is given by Eq. (54) and the
13
realization of the quantum angles Λµν has the same form as in the orthogonal case,
i.e. Λˆµν = (e
∂)µν . However, the powers of the matrix ∂ = [∂µν ], where ∂µν ∈ H˜n, are
computed according to
(∂0)µν = ηµν , (∂
m)µν =
n∑
α=1
n∑
β=1
(∂m−1)µα ηαβ ∂βν , m ≥ 1. (70)
A. Realization of the extended Poincare´ algebra
We complete our discussion by giving a brief sketch of the realization of the
Poincare´ algebra P = (Pµ,Mµν) and its extension by quantum angles Λµν . Recall
that the classical Poincare´ algebra is defined by
[Pµ, Pν ] = 0, (71)
[Mµν , Pλ] = ηνλPµ − ηµλPν , (72)
[Mµν ,Mρσ] = ηνρMµσ − ηµρMνσ − ηνσMµρ + ηµσMνρ, 1 ≤ µ, ν ≤ n. (73)
A realization of the algebra (71)–(73) can be constructed as follows. First, we extend
the algebra H˜n by adding to relations (49) n pairs of generators (pµ, ∂µ), 1 ≤ µ ≤ n,
such that
[pµ, pν ] = 0, [∂µ, ∂ν ] = 0, [∂µ, pν ] = ηµν (74)
with all cross–commutators being zero. Let K˜ be an upper–triangular matrix
K˜ =
[
A 0
C D
]
(75)
with blocks A, C and D defined by
Aµν = ∂µν , (76)
C(µν)α = ηαµ∂ν − ηαν∂µ, (77)
D(µν)(αβ) =
1
2
(
ηµα ∂νβ − ηµβ ∂να + ηνβ ∂µα − ηνα ∂µβ). (78)
Then the Poincare´ algebra P admits the realization
Pˆµ =
n∑
α=1
n∑
α′=1
pα ηαα′ ψ(K˜)µα′ , (79)
Mˆµν =
n∑
α,β=1
n∑
α′,β′=1
xαβ ηαα′ ηββ′ ψ(K˜)(µν)(α′β′) +
n∑
α=1
n∑
α′=1
pαηαα′ ψ(K˜)(µν)α′ . (80)
We note that the realization (80) differs from the realization (54) by an extra term
involving the generators pα. The powers of the matrix K˜ appearing in the generating
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function ψ(t) =
∑∞
k=0
(−1)k
k!
Bk t
k are computed as follows. Zeroth power of K˜ is given
by
K˜0 =
[
A0 0
0 D0
]
(81)
where (A0)µν = ηµν and (D
0)(µν)(αβ) =
1
2
(ηµα ηνβ−ηµβ ηνα). Since K˜ upper–triangular,
higher powers of K˜ are given by
K˜m =
[
Am 0∑m−1
k=0 D
kCAm−k−1 Dm
]
, m ≥ 1, (82)
where the elements of each block are computed recursively according to
(Am)µν =
n∑
α,β=1
(Am−1)µα ηαβ Aβν , (83)
(Dm)(µν)(αβ) =
n∑
λ,ρ=1
n∑
λ′,ρ′=1
(Dm−1)(µν)(λρ) ηλλ′ ηρρ′ D(λ′ρ′)(αβ) (84)
and
(DkCAm−k−1)(µν)α =
n∑
α′,α′′=1
n∑
β′,β′′=1
n∑
λ′,λ′′=1
(Dk)(µν)(α′β′) ηα′α′′ ηβ′β′′ C(α′′β′′)λ′ηλ′λ′′ (A
m−k−1)λ′′α. (85)
The Poincare´ algebra P can also be extended by quantum angles Λµν if we define
(see Ref. 28)
[Mµν ,Λρσ] = ηνρ Λµσ − ηµρ Λνσ, (86)
[Pµ,Λρσ] = 0, (87)
[Λµν ,Λρσ] = 0. (88)
In this case the realization of Λµν is given by the exponential function Λˆµν = (e
∂)µν
where the powers of the matrix ∂ = [∂µν ] are computed recursively using Eq. (70).
IV. APPENDIX
Proposition IV.1 The powers of K are polynomials in the generators ∂µν ∈ Hn
given by
(Km)(µν)(αβ) =
1
2
m∑
k=0
(
m
k
)(
(∂k)µα(∂
m−k)νβ − (∂
m−k)µβ(∂
k)να
)
, m ≥ 0, (A1)
where ∂ = [∂αβ ] is the n× n matrix with elements ∂αβ.
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Proof. We prove the claim by induction on m. Since K(µν)(αβ) is given by Eq. (32),
one easily checks that Eq. (A1) agrees with Eq. (32) for m = 1 where (∂0)µν = δµν .
Now suppose that Eq. (A1) holds for some m > 1. Then it follows from the induction
hypothesis that
(Km+1)(µν)(αβ) =
n∑
θ,σ=1
(Km)(µν)(θσ)K(θσ)(αβ)
=
1
4
m∑
θ,σ=1
m∑
k=0
(
m
k
)(
(∂k)µθ (∂
m−k)νσ − (∂
m−k)µσ (∂
k)νθ
)
(δθα∂σβ − δθβ∂σα + δσβ∂θα − δσα∂θβ)
=
1
4
m∑
k=0
(
m
k
)(
(∂k)µα (∂
m+1−k)νβ − (∂
k+1)µβ (∂
m−k)να + (∂
k+1)µα (∂
m−k)νβ
− (∂k)µβ (∂
m+1−k)να + (∂
m−k)µα (∂
k+1)νβ − (∂
m+1−k)µβ (∂
k)να
+ (∂m+1−k)µα (∂
k)νβ − (∂
m−k)µβ (∂
k+1)να
)
. (A2)
Using
m∑
k=0
(
m
k
)
xkym−k =
m∑
k=0
(
m
k
)
xm−kyk (A3)
and collecting terms with the same pairs of indices we find
(Km+1)(µν)(αβ) =
1
2
m∑
k=0
(
m
k
)(
(∂k)µα (∂
m+1−k)νβ − (∂
m+1−k)µβ (∂
k)να
+ (∂k+1)µα (∂
m−k)νβ − (∂
m−k)µβ (∂
k+1)να
)
=
1
2
m∑
k=0
(
m
k
)(
(∂k)µα (∂
m+1−k)νβ − (∂
m+1−k)µβ (∂
k)να
)
+
1
2
m+1∑
k=1
(
m
k − 1
)(
(∂k)µα (∂
m+1−k)νβ − (∂
m+1−k)µβ (∂
k)να
)
=
1
2
m+1∑
k=0
(
m+ 1
k
)(
(∂k)µα (∂
m+1−k)νβ − (∂
m+1−k)µβ (∂
k)να
)
(A4)
where the last equality follows from the binomial identity(
m
k
)
+
(
m
k − 1
)
=
(
m+ 1
k
)
. (A5)
This proves the claim. 
Proposition IV.2 Let ∂ = [∂µν ] be the matrix of generators ∂µν ∈ Hn satisfying the
commutation relations (13). Then
[xαβ , (∂
m)ρσ] = 2
m∑
k=1
(
m
k
) n∑
µ=1
(−K)k−1(αβ)(µρ)
(
∂m−k
)
µσ
, m ≥ 1. (A6)
16
Proof. We rewrite the right–hand side of Eq. (A6) as a polynomial in ∂µν and prove
the claim by induction on m. Since the powers of K are given by Eq. (A1), by
straightforward but lengthly computation we find
2
m∑
k=1
(
m
k
) n∑
µ=1
(−K)k−1(αβ)(µρ) (∂
m−k)µσ
=
m∑
k=1
k−1∑
l=0
(−1)k−1
(
m
k
)(
k − 1
l
)[(
∂m−(k−l)
)
ασ
(
∂k−l−1
)
βρ
−
(
∂k−l−1
)
αρ
(
∂m−(k−l)
)
βσ
]
=
m∑
p=1
∑
1≤k≤m
0≤l≤m−1
k−l=p
(−1)k−1
(
m
k
)(
k − 1
l
)[
(∂m−p)ασ (∂
p−1)βρ − (∂
p−1)αρ (∂
m−p)βσ
]
(A7)
where the inner sum runs over all indices 1 ≤ k ≤ m and 0 ≤ l ≤ m − 1 such that
k − l = p. In view of the identity
∑
k−l=p
(−1)k−1
(
m
k
)(
k − 1
l
)
= (−1)p−1, (A8)
Eq. (A7) simplifies to
2
m∑
k=1
(
m
k
) n∑
µ=1
(−K)k−1(αβ)(µρ) (∂
m−k)µσ =
m∑
p=1
(−1)p−1
[
(∂m−p)ασ (∂
p−1)βρ−(∂
p−1)αρ (∂
m−p)βσ
]
(A9)
Therefore, we need to prove that
[xαβ , (∂
m)ρσ] =
m∑
p=1
(−1)p−1
[
(∂m−p)ασ (∂
p−1)βρ − (∂
p−1)αρ (∂
m−p)βσ
]
(A10)
for all m ≥ 1. Since [xαβ , ∂ρσ] = δρβ δσα − δρα δσβ , one easily verifies that Eq. (A10)
holds for m = 1. Now suppose that Eq. (A10) holds for some m > 1. Then, using Eq.
(A10) and noting that (∂m)βα = (−1)
m(∂m)αβ since ∂ is an anti–symmetric matrix
we have
[xαβ , (∂
m+1)ρσ] =
n∑
µ=1
[xαβ , (∂
m)ρµ] ∂µσ +
n∑
µ=1
(∂m)ρµ [xαβ , ∂µσ]
=
m∑
p=1
(−1)p−1
[
(∂m+1−p)ασ (∂
−1)βρ − (∂
p−1)αρ (∂
m+1−p)βσ
]
+ (−1)m
[
(∂0)ασ (∂
m)βρ − (∂
m)αρ (∂
0)βσ
]
=
m+1∑
p=1
(−1)p−1
[
(∂m+1−p)ασ (∂
p−1)βρ − (∂
p−1)αρ (∂
m+1−p)βσ
]
. (A11)
By induction, Eq. (A10) holds for all m ≥ 1. 
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